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Using the phenomena of linear and circular birefringence we propose a device that can alter general elliptical
polarization of a beam by a predetermined amount, thereby allowing conversion between linearly-polarized
light and circularly polarized light or changes to the handedness of the polarization. Based on an analogy with
two-state adiabatic following of quantum optics, the proposed device is insensitive to the frequency of the light
– it serves as an achromatic polarization retarder. c© 2017 Optical Society of America
OCIS codes: 260.5430, 260.1440, 260.1180, 260.2710.
Birefringence, the separation of a ray of light into two
rays when it passes through some anisotropic materials
such as quartz, was first described in 1669 by Bartholi-
nus, who observed it in calcite [1–5]. Some 30 years later
Huygens explained the phenomenon of birefringence by
suggesting different refractive indices for ordinary and
extraordinary rays. Another type of birefringence is the
optical activity; as light passes through material in which
the left- and right-circularly polarized components travel
with different phase velocities [1–5] the plane of linearly
polarized light rotates, a phenomenon also known as cir-
cular birefringence.
Natural optical activity was first observed in quartz by
Arago in 1811. In 1845 Faraday discovered that a simi-
lar phenomenon could be induced by a static magnetic
field: when linearly polarized light propagated in a di-
electric medium parallel to a strong static magnetic field
the plane of polarization rotated. This artificial optical
activity is now known as the Faraday effect [1–5].
The theory underlying changes to optical polarization
as a beam of light passes through matter relies on two
components of the electric field, often parametrized by
Stokes parameters [1] or by a point on the Poincare´
sphere. For present purposes the Jones vector [13] pro-
vides a more convenient tool, because it offers a simple
analogy with the complex-valued probability amplitudes
of the traditional two-state atom. As will be shown, such
a treatment allows the design of a device that will con-
vert any input polarization state into a prescribed po-
larization state, independent of the wavelength of the
light. The proposed technique is analogous to that of
adiabatic-following in quantum optics [6–10] and has the
same advantages of efficiency and robustness.
A numerical investigation of broadband conversion
from circularly polarized light into linearly polarized
light for the wavelength range of 434 nm to 760.8 nm for
crystalline quartz was made by Darsht et al. [11]. This
result is a special case of the general adiabatic technique
described here.
The basic equation that describe the propagation of
plane waves through an optically active uniaxial linear
crystal with negligible absorption (quartz for example)
is the wave equation for the electric field E,
∇2E = ǫ
c2
· ∂
2E
∂t2
. (1)
where ǫ is the electric permittivity tensor and c is the
light velocity in vacuum.
We shall deal with light propagation in one dimen-
sion. Let a monochromatic plane wave with frequency ω
propagate through the inhomogeneous crystal along the
z axis:
E (z, t)=

 Ex (z)e
(ikz−ωt)
Ey (z) e
(ikz−ωt)
0

 . (2)
Let the propagation axis be z, along one of the princi-
pal axes of the crystal, and let the other two optical axes
be x and y. In this reference frame the dielectric tensor
ǫ takes the form [4, 5]
ǫ =

 n
2
e iG 0
−iG n2o 0
0 0 n2o

 , (3)
where no and ne are the ordinary and extraordinary re-
fractive indices respectively. The off-diagonal elements
of this tensor, denoted G, are responsible for the optical
activity.
Because the electric field E (z, t) depends only on the
longitudinal coordinate z, we can replace ∇2 by ∂2/∂z2.
The equation for Ez is trivial and will not be considered
further. The equations for the transverse components of
the field are the two scalar equations
∂2Ex
∂z2
+ 2ik
∂Ex
∂z
− k2Ex = −ω
2
c2
(
n2eEx + iGEy
)
, (4a)
∂2Ey
∂z2
+ 2ik
∂Ey
∂z
− k2Ey = ω
2
c2
(
iGEx − n2oEy
)
(4b)
where
k2 =
ω2n2o
c2
. (5)
Let us neglect any abrupt change of dielectric properties,
such as occurs at interfaces (these are responsible for
1
reflection) and consider only slowly varying fields, for
which ∣∣∣∣∂
2Ex,y
∂z2
∣∣∣∣≪
∣∣∣∣2k∂Ex,y∂z
∣∣∣∣ . (6)
This condition requires that, over a distance compara-
ble to the optical wavelength, the fractional change of
the field amplitude should be much smaller than unity.
The resulting slowly-varying amplitude approximation
[12] leads to the equations
i
∂
∂z
[
Ex
Ey
]
=
ω
2cno
[
n2e − n2o −iG
iG 0
] [
Ex
Ey
]
, (7)
These are the equations upon which the present proposal
is based.
The two complex-valued field amplitudes Ex and Ey
are elements of a Jones vector J [13]. We symmetrize the
the diagonal terms n2e − n2o and 0 in Eq. (7) by incorpo-
rating an identical phase in the amplitudes Ex and Ey.
Upon making this choice we have
i
∂
∂z
[
Ex
Ey
]
=
1
2
[ −∆ −iΩ
iΩ ∆
] [
Ex
Ey
]
, (8)
where
Ω =
ωG
cno
, (9a)
∆ =
ω
(
n2o − n2e
)
2cno
. (9b)
As a final step we map the coordinate dependance into
time dependance, z = ct. By so doing Eq. (8) becomes
the traditional time-dependent Schro¨dinger equation for
a two-state atom in the rotating-wave approximation
[6–10]. The two field amplitudes Ex and Ey are analogs
of the probability amplitudes for the ground state (hori-
zontal polarization) and the excited state (vertical polar-
ization). The off-diagonal element Ω in Eq. (8) is known
as Rabi frequency, while the element ∆ corresponds to
the atom-laser detuning [6, 7].
Let us assume that Ω and ∆ are function of the co-
ordinate z. Then we can write Eq. (8) in the so-called
adiabatic basis [6–10] (for the two-state atom this is the
basis of the instantaneous eigenstates of the Hamilto-
nian):
i
∂
∂z
[
EAx
EAy
]
=
[ − 12√Ω2 +∆2 ∂ϕ/∂z
∂ϕ/∂z 12
√
Ω2 +∆2
] [
EAx
EAy
]
,
(10)
The connection between the Jones vector J (z) =
(Ex, Ey) in the original basis and the Jones vector
JA (z) =
(
EAx , E
A
y
)
in the adiabatic basis is given by
J (z) = R (z)JA (z) , (11)
where R (z) is the involutory matrix
R (z) =
[
cos (2ϕ) i sin (2ϕ)
−i sin (2ϕ) − cos (2ϕ)
]
, (12)
with angle ϕ defined by the equation
tan (2ϕ) =
Ω
∆
. (13)
For adiabatic evolution of the system there are no
transitions between the amplitudes EAx and E
A
y . Hence∣∣EAx ∣∣ and ∣∣EAy ∣∣ remain constant [6–10]. Mathematically,
adiabatic evolution means that in Eq. (10) the non-
diagonal terms can be neglected compared to the diago-
nal terms. This occurs when [6–10]
∣∣∣∣∂ϕ∂z
∣∣∣∣≪
∣∣∣√Ω2 +∆2
∣∣∣ . (14)
Thus adiabatic evolution requires smooth z-dependance
of Ω, ∆ and large
√
Ω2 +∆2. For a pure adiabatic evolu-
tion, the evolution matrix in adiabatic basis is diagonal
and contains only phase factors:
UA (zf , zi) =
[
exp (iη) 0
0 exp (−iη)
]
, (15)
with the adiabatic phase
η =
∫ zf
zi
1
2
√
Ω2 +∆2dz. (16)
The evolution matrix in the original basis (the Jones
matrix) is
U (zf , zi) = R (zf )U
A (zf , zi)R (zi) , (17)
or explicitly:
U11 (zf , zi) = e
iη cosϕ (zi) cosϕ (zf )
+e−iη sinϕ (zi) sinϕ (zf ) , (18a)
U12 (zf , zi) = ie
iη sinϕ (zi) cosϕ (zf)
−ie−iη cosϕ (zi) sinϕ (zf ) , (18b)
U21 (zf , zi) = ie
−iη sinϕ (zi) cosϕ (zf)
−ieiη cosϕ (zi) sinϕ (zf ) , (18c)
U22 (zf , zi) = e
−iη cosϕ (zi) cosϕ (zf )
+eiη sinϕ (zi) sinϕ (zf ) . (18d)
Equation (18) gives the general adiabatic evolution sce-
nario for an arbitrary polarization.
Achromatic conversion: When initially the light
is linearly polarized in the horizontal direction, J (zi) =
(1, 0), and if we ensure the initial condition ϕ (zi) = π/2,
then from Eq. (18) we have
J1 (zf ) = e
−iη sinϕ (zf ) , (19a)
J2 (zf ) = ie
−iη cosϕ (zf ) . (19b)
Obviously from the last equation the global phase η
is unimportant and can be removed from final Jones
vector components, therefore such polarization conver-
sion will be frequency independent. For such achromatic
conversion we can end up with left circularly polar-
ized light, J (zf ) =
(
1/
√
2, i/
√
2
)
, if we set the final
2
angle ϕ(zf ) = π/4. This process is reversible: if we
start with left circularly polarized light with initial an-
gle ϕ(zi) = π/4 and we finished with angle ϕ(zf ) = π/2,
then we achieve reversal of the direction of motion and
we end up with a horizontal polarization.
Analogously, if we set the final angle to be ϕ(zf ) =
−π/4, then we end up with right circularly polarized
light, J (zf) =
(
1/
√
2,−i/
√
2
)
, instead of left circularly
polarized light. Again, the process is reversible.
Alternatively we can start with horizontal polarized
light and applying the conditions ϕ (zi) = π/2, ϕ (zf) =
0, then we will end in vertical polarized light.
Finally combining two or more then two achromatic
conversion from the above processes we can have achro-
matic conversion from left circularly polarized light to
right circularly polarized light and vice versa, or from
left (right) circularly polarized light to vertical polarized
light and vice versa.
The proposed achromatic retarder can be realized in
an optically active uniaxial linear crystal such as quartz,
which in addition exhibits both stress-induced linear
birefringence and circular birefringence from the Fara-
day effect.
From the definition of the angle ϕ (Eq.(13)), we see that
the needed values of 0,±π/4 and π/2 would be achieved
when:
ϕ →
Ω/∆→0+
0, (20a)
ϕ →
Ω/∆→±∞
±π/4, (20b)
ϕ →
Ω/∆→0−
π/2. (20c)
The proposed adiabatic retarder has the useful property
that the polarization conversion depends only on the ini-
tial and final values of angle ϕ. The retarder is frequency
independent and it is robust against variations of the
propagation length, rotary power, etc., in contrast to the
traditional retarders. The only restriction that we have
to follow during the polarization conversion is the adia-
batic evolution condition (see Eq.(14)), thus slow change
of angle ϕ.
In conclusion, we have used the analogy between
the equation that describes the polarization state of
light propagating through an optically active anisotropic
medium, and the time-dependent Schro¨dinger equation
applied to adiabatic change of a two state atom, to pro-
pose effective and achromatic polarization retarder.
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